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Abstract:

In this paper, we show that any stratified L -topological group (G,7) is uniformizable.
That is, we define, using the family of prefilters which corresponds the fuzzy
neighborhood filter at the identity element of (G, 7), unique left and right invariant fuzzy

uniform structures on G compatible with the fuzzy topology z . On the other hand, on
any group G, using a family of prefilters on G fulfills certain conditions, we construct
those left and right fuzzy uniform structures which induce a stratified fuzzy topology =

on G for which (G,7) is a stratified L -topological group and this family of prefilters
coincides with the family of prefilters corresponding to the fuzzy neighborhood filter at
the identity element of (G,7). Moreover, we show the relation between the L -
topological groups and the GT, -spaces, such as: the fuzzy topology of an L -topological
group (resp., a separated L -topological group) is completely regular, (resp., GTs%)
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1. Introduction

The notion of an L -topological group (G, 7) is defined by Ahsanullah [1] in 1984 as

an ordinary group G equipped with a fuzzy topology = on G such that the binary
operation and the unary operation of the inverse are fuzzy continuous with respect to 7.
In [1,7], many results on the L -topological groups are studied. These L -topological
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groups are called, in [1], fuzzy topological groups. An L -topological group (G,7) is
called stratified if the L -topology 7 is stratified.

The fuzzy neighborhood filter at the identity element of the stratified L -topological
group (G,r) corresponds a family of prefilters on G [11]. Using this family of
prefilters, we construct, in this paper, a unique left invariant fuzzy uniform structure /'
and a unique right invariant fuzzy uniform structure &" on G . These fuzzy uniform
structures /' and " are compatible with 7, that is, 7, =17, =7 . This means that
the stratified L -topological group (G, 7) is uniformizable. The fuzzy uniform structures

U' and U" are fuzzy uniform structures in sense of [12] which are defined as fuzzy
filters on the cartesian product G xG of G with itself. We show also here that for any

group G and any family of prefilters fulfills certain conditions, we define the left and
the right fuzzy uniform structures /' and " on G such that 7, =1, Is a stratified
fuzzy topology 7 on G for which the pair (G,7) is a stratified L -topological group.

Moreover, this family of prefilters is exactly the family of prefilters which corresponds
the fuzzy neighborhood filter at the identity element of the stratified L -topological

group (G, 7).

Moreover, in this paper, we study some relations between the L -topological groups
and the fuzzy separation axioms G7, which we had introduced in [2,3,5]. We show that

the fuzzy topology 7 of an L -topological group (G,7) is completely regular in our
sense [5] and that the L -topological group (G, 7) is separated if and only if the fuzzy
topology 7 is G1, (resp. G1,, GT,, GT%) if and only if the left fuzzy uniform

structure ¢ (resp. the right fuzzy uniform structure ¢") is separated.

2. On fuzzy filters

Let I be a complete chain with different least and greatest elements 0 and 1,
respectively. Let L, =L\{0} and L, =L\{1} . Denote by L* the set of all fuzzy
subsets of a non-empty set X . By a fuzzy filter on X [9,10] is meant a mapping
M:L* - L such that M(@)<ea holds for all aeL and M(I)=1, and also
M(frg)=M(f)aM(g) forall f,ge L*. A fuzzy filter M is called homogeneous
if M(@)=a forall aeL. If Mand A are fuzzy filters on X, M is said to be
finer than A\, denoted by, M < A, provided M(f)= N (f) holds forall fe L*. By
M £ N we denote that M is not finer than A/ .

For any set A of fuzzy filters on X , the infimum /\,,_, M, with respect to the finer
relation on fuzzy filters, does not exist in general. The infimum A ,,_, M of A exists if
and only if for each non-empty finite subset {M,---,M,} of A we have



The Uniformizability of L -topological Groups 37

M)A AM,(f)<sup(fia--nf,) forall f,-, f, e L* [9]. If the infimum of A
exists, then for each f e L* and n as a positive integer we have

(AM0= v (MEA=AM ().
Mok e

A prefilter on X is a non-empty subset F of L* which does not contain 0 and
closed under finite infima and super sets [15]. For each fuzzy filter M on X, the

subset o -pr M of L* defined by:
a-pr M={fe L*|M(f)2 a}

is a prefilter on X .

A valued fuzzy filter base on a set X [10] is a family (Ba)aeLo of non-empty subsets
of L* such that the following conditions are fulfilled:

(V1) feB, implies o <supf.

(V2) For al o, B € L, and all mappings fe B, and ge B, , if even a A >0 holds,
thenthere area y > A B and a fuzzy set h< f A g suchthat he B, .

Each valued fuzzy filter base (Ba )aeL0 onaset X defines a fuzzy filter M on X by

M(f)=\/ o5, 4<; @ for all feL*. On the other hand, each fuzzy filter M can be
generated by many valued fuzzy filter bases, and among them the greatest one
(a—prM)

ael,

Proposition 2.1 [10]. There is a one-to-one correspondence between the fuzzy filters
M on X and the families (M,)  of prefilters on X which fulfill the following

conditions:
(1) feM, implies a<supf.
(2) 0<a< B implies M, o M;.

el

(3) For each a € L, with \/, 4., B =0 we have (|, , M; =M, .

This correspondence is given by M, =a-prM for all «el, and
M(f) =\ yers, ges @ forall fe L.

Fuzzy neighborhood filters. In the following the fuzzy topology 7 on a set X in
sense of [8,13] will be used, int, and cl_ denote the interior and the closure operators

with respect to 7, respectively. For each fuzzy topological space (X,7) and each
z e X the mapping N (z): L* — L defined by

N (2)(f) =i, £(2)
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for all fe L* is a fuzzy filter on X, called the fuzzy neighborhood filter of the space
(X,7) at = [11].

feL" is called a 7 -neighborhood at ze X provided e <int, f(z) for some
aeL,. Thatis, f isa 7 -neighborhood at z if fea—pr\ (z) forsome o€ L,.

Let (X,7) and (Y,o) be two fuzzy topological spaces. Then the mapping
fi(X,7)—>(Y,0) is called fuzzy continuous (or (z,0) -continuous) provided
int, go f<int, (gof) forall ge L".

3. L topological groups

In the following we focus our study on a multiplicative group G'. We denote, as

usual, the identity element of G' by e and the inverse of an element a of G by a™*.

Let 7:GxG — G be a mapping defined by
ﬂ(a,b) =qab forall a,be G,
and i:G — G amapping defined by
i(a)=a™ forall ae G,
that is, 7 and 7 are the binary operation and the unary operation of the inverse on G,
respectively.

Here, we define the product of f,ge L% with respect to the binary operation 7 on
G as the fuzzy set fg in G defined by:

= VAN 3.1
fg AT (zy), (3.)

In particular, forall ae G andall fe L“, we have af € L defined by

af :f(/)\o(ax)l 3.2)
and fa e L° defined by
fa = f(é)\>0 (Jca)l 3.3)

Also, we can define the inverse of f e L with respect to the unary operation i on G
as the fuzzy set f™* on G by:

fH(x)=f(z) forall zeG. (3.4)
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The following definitions are similar to those in [14].

Definition 3.1. Let 7 be a fuzzy topology on a group G . The mapping
7 (GxG,tx7)—(G,7) is called (7 x7,7)-continuous in each variable separately if

for all fea—prN (ab), there exists ge o —prN (b) such that ag < f or there exists
hea—prN (a) suchthat hb< f for some o e L, and forall a,be G .

Definition 3.2. Let G be a group and 7 be a fuzzy topology on G'. Then the pair
(G,7) will be called a semi- L -topological group if the mapping 7 is (zx7,7) -
continuous in each variable separately.

Definition 3.3. The mapping 7 is called (z x 7, 7)-continuous everywhere if for all
fea-prN (ab), there exist ge o —prN (a) and hea—prN (b) such that gh< f
for some o € L, and forall a,be G .

Definition 3.4.  The mapping ¢ is called (z,7) -continuous if for all
fea—prN (a™), there exists an ge a—prA\ (a) such that g™ < f for some a e L,
andforall a e G .

Definition 3.5 [1]. Let G' be a group and 7 be a fuzzy topology on X . Then the
pair (G,7) will be called an L -topological group if the mapping 7 is (7x7,7) -
continuous everywhere and the mapping ¢ is (z,7) -continuous.

Clearly, every L -topological group is a semi- L -topological group.

Proposition 3.1. The pair (G,7) is an L -topological group if and only if for all
fe a—pr/\/(a‘lb) , there exist gea—prAN(a) and hea—-prN (b) such that
g 'h < f forsome ae L, andforall a,beG .

Proof. Obvious.

Let us call a fuzzy set f e L symmetric if the inverse £, defined by (3.4), fulfills

that f=f". For each group G and ae G , the left and right translations are the

homomorphism [, :G — G defined by [ (z)=az and R,:G —G defined by
R,(z)=xza for each zeG , respectively. The left and right translations in L -

a

topological groups fulfill the following result.

Proposition 3.2 [7]. Let (G,7) be an L -topological group. Then for each a e G
the left and right translations i, and R, are L -homeomorphisms.

We shall use the following result.
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Lemma 3.1. Let f be an open fuzzy set in an L -topological group (G, 7). Then for
any x, € G the fuzzy sets fx, and z,f are also open.

Proof. Consider the mapping
h:G—GxG, :L'I—)(.I‘al,lL')
and the projection mappings

P GXG -G, (2,2,) > 1
and

P, GXG =G, (v,2,) > ,.

Then (p,oh)(z)=2," and (p,oh)(z)==x. Since (p,ob) and (p,oh) are (z,7) -
continuous, then A is also (7,7 x 7)-continuous. Now, we have

T:GXG > G, (2,7,) P 2.2,

is (7 x7,7)-continuous, and thus the mapping A =7 ok, for which A(z) =7 (h(z))=
(x5t 2)=ap'z for all zeG , is (z,7) -continuous. Also, A7 (z'z)== for all

e, thatis, A7 (z) =, forall zeG. In particular, z,f = 17 (f) is a fuzzy open
setin (G,7). fx, isalso open with a similar proof.
Recall that: If f: X — Y is a mapping between the non-empty sets X and Y and
he L', then the preimage f~* (k) of h with respectto f is defined by f™(h)=hof.
Now, we prove the following result.

Lemma 3.2.Let (G,7) be an L -topological group and z, € G.Then f € & —pr\ (e)
if and only if z,f € &z —prA\'(z,) if and only if fz, € & —prA/(z,).

Proof. Since the mapping A =zoh, as in Lemma 3.1, is (z,7) -continuous, then
int, goA<int, (go ) forall ge L. Thatis,

int, f(z,"z) =int, f(A(x))<int, (fo2)(x)=int, (A7 (f))(z) =int, (z,f)(x)

forall ze G andall fe L”. Hence, fea—prN (e) ifand only if z,f € or—prA (z,) .
The other case is similar and the proof is then complete.

4. L -topological groups and their canonical fuzzy uniform structures
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An L -topological group (G,7) is called stratified if the L -topology 7 is stratified,
that is, all constant fuzzy sets « belong to 7. In the sequel we show that for each
stratified L -topological group (G,7), there are unique left and right invariant fuzzy

uniform structures on G' compatible with 7.

For a family (Va)aeL of subsets 1, of L*, consider the following conditions:

(el)Forall we L,,if 0< <, then V, )V,
(e2) Forall a e L, with \/o_4., B=a,wehave V, =(_;_,V,
(e3)Forall ¢e L, andall fe)),,wehave e <supf,

(ed) Forall e L, andall fe)),, thereexists g €], such that gt f,
(e5) Forall e L, andall fe)),, thereexists g ), suchthat gg< f.

Proposition 4.1. Let A/ (e) be the fuzzy neighborhood filter at the identity element e
of an L -topological group (G,z). Then the family (a—prN(e))aéLD of prefilters
o —prN (e) fulfills the conditions (e1) - (e5).

Proof. Since 0<f<a and fea—prN (e) imply that f#<a<int, f(e), then
fep—-prN (e). Hence, @ —prAN (e)e f—prN (e), and (el) is fulfilled.

From (e1), we get that & —prA'(e) = e B =PIV (€) . Now, if fey ., B
prA (e), then fe f—prN (e) for all Be L, with a=\/,_4., 8, which means that
fea—prN (e) and hence (e2) holds.

(e3) is evident.
Since i(e)=e™" =e and i is (z,7)-continuous, then (e4) is fulfilled.

Since 7(e,e)=ee=e and z is (rx7,7) -continuous every where, then (e5) is
fulfilled.

Fuzzy uniform structures. Let ¢/ be a fuzzy filter on X x X . The inverse U™ of
U is a fuzzy filter on X x X defined by 2/ (u) = (u™) for all we L', where u™

is the inverse of « defined by: u™(z,y)=u(y,z) for all z,ye X . Let, each e L,
@ denote the constant mapping: X x X — L defined by &(z,y) =« for all z,ye X

[12]. For each pair (z,y) of elements z, y of X, the mapping (z,y) : L™ > L
defined by (z,y) (u)=wu(z,y) for all we L'** is a homogeneous fuzzy filter on

XxX. Let ¢ and V be fuzzy filters on X x X such that (z,y)" <U and (y,2)" <V

hold for some z,y,z€ X . Then the composition VoUf of U and V is [12] the fuzzy
filter on X x X defined by

(Voul)(w)= \/ (U(u)AV(v)) (4.1)
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for all we LY where u,v,voue L and
pou)(e)= V () re(0) @2
forall z,ye X .

By a fuzzy uniform structure &/ on a set X [12] we mean a fuzzy filter on X x X
such that:

(U1) (z,z)" <Y forall ze X .
(U2) U=u".
(U3) UoUU<U.
A set X equipped with a fuzzy uniform structure & is called a fuzzy uniform space.
For any complete chain we have the following result.
Lemma 4.1. The supremum of two fuzzy uniform structures is a fuzzy uniform
structure.

Proof. Clear.

Proposition 4.2 [12]. There is a one-to-one correspondence between the fuzzy
uniform structures ¢/ on X and the families (24,) _, of prefilters on X x X which

fulfill the following conditions:
(ul) 0< B <« implies U, cU,.
(u2) For each a € Ly with \/o., f =0, we have U, =(,_,_, Uy -
(ud) Forall ¢ Ly, ueld, and z € X, we have o < u(z,z).
(ud) ueld, implies u™* e, forall e L,.
(uS) For each e L, and each uelf, ,we have o <\/ .y oc, B -

This correspondence is given by ¢, = o —prid for all o € L, and L{(u) =\ a

veld, v<u
for all we L. Now we shall prove the following important results in which those
conditions (el) — (eb5) for the family (a—pr/\/’ (e))ad are necessary to construct fuzzy

uniform structures by which the stratified L -topological group (G,7) is uniformizable.

First, we construct these fuzzy uniform structures and then, in another proposition, we
show that (G, 7) is uniformizable.

Proposition 4.3. Let (G,7) be an L -topological group. Then the families (Z/{;)

ael,

and (1) _ of the subsets 24, and U, of L defined by

r _ GxG
Z/{a—{ueL

u(z,y)=(f A f)(zy) for some f a—prN(e)} (4.3)
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and

U, = {u e [ u(:v,y) = (f /\fﬁl)(zyfl) for some fe a—prN (6)} (4.4)

correspond fuzzy uniform structures &' and U" on G , respectively by the following:

U,=a-p and U' (u)= \/ « (4.5)
1‘61/; wsu
and
U,=a-pd" and U (u)= \/ « (4.6)
vell, ,v<u

Proof. Since 0(z,2)=0#1=(fAf™)(e)=(f rf™)(z™z) for all fea—prA (e)
and all ze G, then Oe i, forall ae L,. Also, 1e forall e L,, from that there
exists a symmetric fuzzy set f=e¢, = (:L""lyy"lx)l = (x‘ly)l (y‘lx)l e a—pr\ (e) such
that (f A f7)(a™y) = f(ay) A f(y72) =1 forall 2,y eG.

Let weld, for all @€ L, and v>u. Then v(z,y)2(f A f™)(z"y) for some fea
—prA () and for allz,y € G . But v <1e/, implies that there is g e oz —prA/ (e) such
that v(z,y)<(gag™)(27y) for all z,yeG. That is, there is some /e a —prA’(e)
such that v(z,y)=(hAh™)(z™y) for all z,yeG . Hence vell, for all aeL,.
Since (fAg)ea—prN (e) whenever fea—prA(e) and ge a—prN (e), then for

any u,v e U, , we get that

(u/\v)(:c,y) =u(m,y)/\v(m,y)

= (f/\f_l)(x_ly) /\(g /\g_l)(x_ly) for some f,ge€ a—prN (e)

:((f/\g)/\(f/\g)_l)(x_ly) for some f,ge a—pr\ (e).

Hence (uav)el, forall e L,. Thus U, isa prefilteron GxG forall a e L.
Now, let 0< f<ea and uelf,. Then from (el) for the family (a—prA(e))

ael, !
we get that u(z,y)=(gAg™)(z™"y) for some ge B—prA(e) for all z,ye G, and
then ueu,’,. Hence, the condition (ul) of Proposition 4.2 holds. From (ul) of
Proposition 4.2 and from (e2) for (o —prA/ (e))aeLo . We get that (u2) of Proposition 4.2
is fulfilled. From (e3( and (e4) for (a—pr/\/’(e))ae%, we have for all e L, and all

uel that
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u(z,x) = (f/\ffl)(zflx) = (f/\ffl)(e) >

for some fea—prAN (e). Hence, (u3) of Proposition 4.2 holds.

Forall e I, and all ue ., we have forall z,ye G that
uey)=ulyx)=(Faf7)(y )
for some fe o —prA\ (e). Since (3.4) implies, for all z,y € G , that
(faf)a7y)= £ (=) a s @7y) = S (0 72) A f (y ) = (F 207 (0 7a)

that is, u(z,y)=u(y,z) for all z,ye G, then we U, if and only if u™ e U, and thus
(u4) of Proposition 4.2 holds.

From (e5) for (a—pr/\/ (e))a% , We have for all o e L, and all fea—pr\ (e) that
there exists ge B—prN (e), B e Ly, such that gg< f.Forany uel, and all z,ye G,
we have u(z,y)=(fAf™)(z7'y) for some fea—prA (), which means that there
exists ve Uy, S € Ly, such that (4.2) implies for all 2,y G that:

(U o U)(ZL’, y) =\ (U (x, z) A v(z, y)) = \E/G ((g A g_l)(a:_lz) A (g A g_l)(z_ly))

zeG

< (f/\ffl)(xfly) = u(:z:,y)

Hence, by means of (e5) for (o —prA'(e)) _ ,we get

ael,

as v/ f=

velly (vov)<u geB—prN (e).g9<f

and then (u5) of Proposition 4.2 holds.
Now, we have the family (u;) ; is a family of prefilters on G xG and fulfills the

aely

conditions (ul) — (u5). Form Proposition 4.2, we get that (L{D’, )%L corresponds a fuzzy

uniform structure &' on G . This correspondence is given by

U (u)= v aand U, =a-pid.

i
vel, ,v<u

The same proof can be done with the family (24} )

ael,



The Uniformizability of L -topological Groups 45

Definition 4.1. ¢' and U" defined by (4.5) and (4.6) are called left fuzzy uniform
structure and right fuzzy uniform structure on G , respectively.
An L -topological group (G,7) is called abelian if the group G is abelian.

Proposition 4.4. For abelian L -topological groups, the left and the right fuzzy
uniform structures coincide.

Proof. Since

(FAs?)ay)=(Fas ) e) = (7 A f ) aw?)

forall z,y € G and for some fea—prA (e), then U, =U, forall & e L,. Therefore,
u'=u.

Let ¢ be a fuzzy filter on X x X such that (z,2)" < holds for all ze X, and let
M be a fuzzy filter on X . Then the mapping ¢/[M]: L* — L, defined by

UMI(f)= v ([U(w)n M(o)) C)

for all feL*, is a fuzzy filter on X, called the image of M with respect to &/ [12],
where uwe L' and g,u[g]e L* such that:

ulgl(@) = V (9(y) Auly.)). (4.8)
ye
Proposition 4.5 [12]. Let & be a fuzzy filter on X x X such that (z,2)" < holds
forall e X, and let M be a fuzzy filter on X . Then the family (/Ja)a with

el
L, ={f€LX lu[g] < f for some u e a —prid andgea—pr/\/l}

is a valued fuzzy filter base of Z/[M], which consists of prefilters on X such that
a< B implies £, o L; forall &, fe L.

Remark 4.1. From Proposition 4.5, we get for a fuzzy uniform structure &/ on X

and a homogeneous fuzzy filter i at = € X, that the family (£,) , with

£,={fer*|ulg]<f forsomeuea-piiand a<g(x)} (49

is a valued fuzzy filter base of ¢/[], and moreover £, = —prid[z] forall o e L.
To each fuzzy uniform structure &/ on X is associated a stratified fuzzy topology 7,, .
The related interior operator int,, is given by [12].
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(int, f)(x) = U[2](f) (4.10)

forall ze X, felL*. A fuzzy set feL* is called a 7, -neighborhood of = e X
provided o <int,, f(z) for some e L.

In the following proposition, we show that every stratified L -topological group is
uniformizable.

Proposition 4.6. Any stratified L -topological group (G,7) is uniformizable. That is,

T,=1, :T(M,Vu,) =7.
Proof. From Lemma 4.1 and Proposition 4.3, we get that both of /', &" and
U' v U are fuzzy uniform structures on G .

Since forall ze G andall fe L we have, from (4.7), (4.10) and Remark 4.1, that:

it £(o) =t [710)= v (1 (w)ng(e) =1

is equivalent to

int, f(e)=U[8](F)= \ (U (w)ng(x)=1

equivalent to

int(u'vu') f(r) = (Z,{I vl,{r)[r](f) = [\]/f((l,{l vL[?‘)(u)/\g(a:)) =1,
ulg|<
which means that f is a z,, -neighborhood of an element = if and only if itisa 7, -
neighborhood of « if and only if it is a T(u’vu') -neighborhood of x . Hence

Ty =Ty = T(a’va’) :

From (4.7) and (4.8), and also from Remark 4.1, we have
U= v a=v (U (waglx)= v a=N()/)
gea—piUd'[i],g<f ulg|<f hea—prN (x),h<f
for all zeG and all fe L. Hence, the fuzzy neighborhood filter /' [#] of (G, ru,)
at every z € G is identical with the fuzzy neighborhood filter A (x) at every  in the

L -topological group (G,7). Thus, 7,, =7, and therefore (G,7) is uniformizable.

In the following we show that these conditions (e1) — (e5) for a family of prefilters on
G are also sufficient to construct form the group G a stratified L -topological group.

Proposition 4.7. Let G be a group and e the identity element of G , and let
(V; )%L be a family of prefilters on G fulfilling conditions (el) — (e5). Defining, for

each « € L, the subsets
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Uy = {“ e L7 |u(x,y) = (f A ) (2y) for some f e Va}
and

Uy ={uer™

u(z,y)= (f/\f’l)(:cy’l) for some f e V;}

of Z°““. Hence, we have the left and the right fuzzy uniform structures /' and " on
G defined by (4.5) and (4.6), respectively. Moreover, 7, =7, = r(u,m,) is a stratified
fuzzy topology 7 on G for which the pair (G,7) is a stratified L -topological group.
Finally, for each o € L,, we have V =a—prA (e), where N (e) is the fuzzy neigh-
borhood filter at e with respect to the fuzzy topology 7 on G .

Proof. As in Proposition 4.3 and 4.6, we get that /' and /" are the left and the right
fuzzy uniform structures on G for which 7, =7, = T(u’vu') is a fuzzy topology on the

group G'. Denote 7, =7

= T(uw') by 7. It remains to prove that (G,7) is an L -

topological group and that V) = oz —prA/ (e) forall e L, .

Now, from that the conditions of proposition 2.1 are equivalent to the conditions (el)
- (e2), we get that

Vy =a—pd'[¢]=a—prd' [¢]=a—pr(U' v )[¢]

for all e L,. Thatis, V), =a—prN(e) for all e L,, where N (e) is the fuzzy
neighborhood filter of (G,7) at e.

From conditions (e4) and (e5) of the prefilters oz —prA\/ (e) for all o € L, we get that
for all fea—prN(e), there exist g,hea—prN(e) for some ae L, such that

g*h < f, which means that

(ga)71 (hb)=a (g’lh)b <alfh.

That is, from Lemma 3.2, we get that for all 2=a"'fbe a—prA (a™'b), there exist

u=gaea—prN(a) and v =hbe a—prN (b) such that #'v<A. Hence, (G,7) is
an L -topological group. Let us define the following.

Definition 4.2. Let U/ be a fuzzy uniform structure onaset X . Then

(1) we L™ is called a surrounding provided ¢ (u)=ea for some ae L, and
u= u’l,

(2) A surrounding uwe L™ is called left (right) invariant provided u(az,ay)=

u(x,y) (u(xa,ya)zu(m,y)) forall a,z,ye X,
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(3) U is called a left (right) invariant fuzzy uniform structure if ¢/ has a valued
fuzzy filter base consists of left (right) invariant surroundings.
Now, from Proposition 4.3, we have this remark.

Remark 4.2. Inthe L -topological group (G,7), for each element w in 2, , defined
by (4.3), we have U (u)Za for some a e L, and also, for all z,ye G and each
uel. , we have

u(z,y)=(fAf")(2y) for some fea—prA(e)

=(faf*)(y™x) for some fea—prA(e)
= u(y,x) =yt (:U,y) .

That is, 4. is a prefilter of surroundings. Also, for all a,z,y € G, we have

u(az,ay) = (f A f’l)((ax)_l (ay)) for some fea—pr\ (e)
=(faf*)(ay) for some fea—prA(e)

=u(x,y) for all uel/{é and forall z,ye G .

Thus, the elements of ¢/, are left invariant surroundings. Moreover, (u;) is a

acly
valued fuzzy filter base for the left fuzzy uniform structure /' defined by (4.5), and

hence ¢ is a left invariant fuzzy uniform structure on G . By the same way, U",
defined by (4.6), is a right invariant fuzzy uniform structure on G .

Notice that: Between any two systems of sets .4 and B, we recall that A is called
coarser than B if forany Ae A, thereis Be B suchthat Bc A.

The following important proposition is now obtained from our last results.

Proposition 4.8. Let (G,7) be a stratified L -topological group. Then there exist on

G a unique left invariant fuzzy uniform structure /' and a unique right invariant fuzzy
uniform structure /" compatible with 7, constructed in Proposition 4.3 using the
family (a—prN(e))aeL of all prefilters or—prA\'(e) , where N (e) is the fuzzy

neighborhood filter at the identity element e of the L -topological group (G, 7).

Proof. From Propositions 4.3 and 4.6, and Remark 4.2, we have ¢{' and U" are the
left and the right invariant fuzzy uniform structures on G, respectively for which

7, =7, =7. Suppose that (va)ado is a valued fuzzy filter base for a left invariant

fuzzy uniform structure V' on G such that T,=T,=T.
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Since for any v, € 1, there exists v, € V), with v, <v, and v, (az,ay) =v, (z,y) for
all a,z,yeG . From (4.8), we get that v,[e,](z) =1, (e,z) for all ze G, that is,
v, [e.](e) =v, (e,e) = & and there exists a left invariant surrounding u e ¢4, such that
u[el] <wv, [el] . Now, u(x,y) = u(:px’l,x’ly) = u(e,x’ly) = u[el](:z:’ly) <wv, [el](:z:’ly)
for all z,ye G, which means that u(z,y)=1v,(e,2y)=v,(z,y) and also we have
v, <v,80 u<w,. Thatis, for all & e L, and for any v, € V!, there exists u € U, such
that u <wv,, and this means that V! is coarser than ¢, forall & € L,. By the same way,
we can show that ¢/, is coarser than V), forall « € L, and thus V., =, forall e L.
Hence, V' =U'.

Similarly, one can prove that the right invariant fuzzy uniform structure Z{" is unique.

5. The relation between the L -topological groups and the GT% -spaces

In this section we shall show and prove the relation between our notion of GT, -

spaces and the notion of L -topological groups defined in [1]. In [2,3,5] we had defined
the fuzzy separation axioms GT,, i=0,1,2,3,3,,4. Here, we recall some of these

axioms which we need in the following.
A fuzzy topological space (X, 7) is called [2,3,5]:

(1) GT; ifforall z,ye X with z#y we have @ £ N (y) or g £ N (z).
(2) GT; ifforall z,ye X with z#y we have @£ N (y) and y £ N ().
(3) GT, ifforall z,ye X with z#y we have N (z) AN (y) does not exist.

(4) GT; if it is GT; and if for all ze X and all Fez’ with x¢ F, we have
N (z) AN (F) does not exist.

(5) completely regular if forall z ¢ F ez’ there exists a fuzzy continuous mapping
f:(X,7)>(I,,3) suchthat f(z)=1 and f(y)=0 forall ye F.

(6) GT,, (or L -Tychonoff) if itis G'7; and completely regular.
(7) GT, if it is GT, and if for all F,Getr’ with FnG=0, we have

N (F)AN (G) does not exist.
Denote by GT; -space the fuzzy topological space which is GT;, i=0,1,2,3,3,,4.

Proposition 5.1 [2,3,5]. Every GT,-space is GT,_, -space for each ¢=1,2,3,4, and
GT% -spaces fulfill the following: every GT,-space is a GT% -space and every GTg%-

space is a G -space.
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Proposition 5.2 [6]. If ¢/ is a fuzzy uniform structure on a set X and 7,, the fuzzy
topology associated to ¢/ , then (X ,ru) is a completely regular space. The fact that the
fuzzy topology of an L -topological group can be induced by a left or right invariant

fuzzy uniform structure leads us to our fundamental results in this section as follows.
Proposition 5.3. The fuzzy topology of an L -topological group is completely regular.

Proof. The proof goes directly from Proposition 4.6 and 5.2.

Definition 5.1. An L -topological group (G,7) is called separated if for the identity
element e , we have N\, ) fle)za and A\, o f(z)<a forall zeG with
x+#e and forall @ e L,. A fuzzy uniform structure ¢/ on a set X is called separated
[4] if for all z,y e X with z #y thereis ue L** such that ¢/ (u)=1 and u(z,y)=0.
The space (X, ) is called separated fuzzy uniform space.

Proposition 5.4 [4]. Let X be aset, & a fuzzy uniform structure on X and 7, the
fuzzy topology associated with ¢/ . Then (X,%() is separated if and only if (X, ru) is
G1T,-space. In the following result we have shown the expected relation between our
notion of GT% -spaces and the notion of L -topological groups.

Proposition 5.5. Let (G,7) be an L -topological group. Then the following
statements are equivalent.
(1) The fuzzy topology 7 is GT;.

(2) The fuzzy topology 7 is GT, .

(3) The fuzzy topology 7 is GT,.

(4) The fuzzy topology 7 is GT%.

(5) U' is separated.

(6) U" is separated.

(7) The L -topological group (G,7) is separated.

Proof. (1) = (2) Let x#y in G, then for one point (say x) there exists a 7 -neigh-

borhood f such that int, f(z)>ea > f(y), which means that there is h € & —pr\/ (e)

such that » =27"f and then k=h Ah™" is a symmetric 7 -neighborhood of e, and this
means that the fuzzy set g =yk is a 7 -neighborhood of y for which int, g(y)> o >

g(z) because if otherwise g(z)=yk(z)=>a , then

(o) = emn () = (A ) () £ ().
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that is, fy™(e)= e, and then f(y)=ea which is a contradiction. Hence there exists a
7 -neighborhood g of y such that int, g(y) 2 >g(z), and thus (G,7) is a GT, -
space.

(2) = (3) Itis clear from Proposition 5.1 and 5.3.

(3) = (4) Obvious.

(4 = (5) and (4) = (6) The proof comes from Proposition 4.6, and from
Proposition 5.1 and 5.4.

(5) = (7) Since U' is separated then, by means of Proposition 4.6 and 5.4, 7 = T,
is GTy. Thus for any z#e in G, there exists f e a—prN (e) such that f(z)<a <
int, f(e)< f(e). Hence, N\, v f(x)2 o whenever z=e and N\, () f(z)<
o otherwise. Thatis, (G,7) is a separated L -topological group.

(6) = (7) The proof goes similar to the case (5) = (7).

(7) = (1) If 2,y G with =y, then 2™y #e and then A, - f(a7y)<a,
which means that there exists f € &z~ prA/ (e) such that f(z™'y)< e, that is, 2. f(y) =
N jpo (22), (y) <o, where z=2""y is not allowed. Since {J;f|fea—pr/\/(e)} is
itself o —pr\ (z), that is, the set of all « -fuzzy neighborhoods of = and = f(y) <« .
Hence, mf(y) <a<int, (mf)(a:) . Thus, (G,7) is GT,.
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